Abstract. Let F be a local field, nonarchimedean and of characteristic not 2. Let (V, Q) be a nondegenerate quadratic space over F, of dimension n. Let M r be the direct sum of r copies of V . We prove that, for r < n there is no nonzero distribution on M r which under the action of the orthogonal group transforms according to the character determinant.
Let F be a local field, nonarchimedean and of characteristic not 2. Let V be a vector space over F of finite dimension n ≥ 1 equipped with a nondegenerate quadratic form Q. Let G = O(Q) be the orthogonal group of Q and χ the character of G such that χ(g) = 1(resp. χ(g) = −1) if the determinant of g is 1 (resp. −1).
Let r ≥ 1 be an integer and let M r be the direct sum of r copies of V or equivalently the set of linear maps from F r onto V or, choosing a basis of V , the space of n × r matrices with coefficients in F. We let G act on M r on the left and GL r (F) act on the right. Finally, let S(M r ) be the space of locally constant functions on M r with compact support and values in C and its dual S (M r ) the space of distributions on M r . It will be convenient to include the case r = 0 with M 0 = (0) and the trivial action of G.
Theorem. Suppose that r < n. If T ∈ S (M r ) transforms according to the character χ under the action of
This result was stated in Appendix 2 in [R] and used in the proof of the theorem in Chapter II. However, the proof given there was confusing to the reader due to incomplete detail. As the result itself is interesting we present here, in this short note, a full version of our proof.
Note that this is false if r ≥ n. Indeed, suppose first that r = n and let x = (ξ 1 , . . . , ξ n ) be an orthogonal basis of V . Then Q(ξ i ) = α i = 0 (the quadratic form is nondegenerate) and by Witt Theorem the orbit of x under G is the set of all orthogonal systems (η i , . . . , η n ) such that for all i, Q(η i ) = α i . In particular, it is a closed orbit. Now the isotropy subgroup of x in G is trivial so that the orbit is homeomorphic to G. Choose a Haar measure dg on G. The distribution χ(g)dg is a nontrivial distribution on G transforming according to the character χ. We may view this distribution as a distribution on Gx, hence on V . If r > n we note that M n is imbedded into M r by (ξ 1 , . . . , ξ n ) → (ξ 1 , . . . , ξ n , 0, . . . , 0) as a closed invariant subset and, therefore,
From now on we assume that r ≤ n−1. We shall prove the theorem by induction on the dimension n of V . If n = 1, then r = 0 and the result is trivial.
The bilinear form associated to Q is the bilinear form
If we identify F r with its dual in the usual way, then t x is a linear map from V * into F r and we may define μ(x) = t xρx, the so-called moment map. The fibers of this map are stable under G, so by Bernstein's localization principle [Ber84, AGRS] it is enough to prove that for every σ ∈ Im(μ) the space S (μ −1 (σ)) χ of distributions on μ −1 (σ) which transform according to χ is reduced to (0).
The group GL r (F) acts on the right on M r . We let this group act on r × r symmetric matrices as usual: (u, y) → t uyu. Then μ is an equivariant map for GL r (F) and it is enough to choose an element σ for each orbit of GL r (F). In particular, we may assume that σ is diagonal:
Let W be the subspace of V generated by ξ 1 , . . . , ξ s ; it has dimension s. Let Ξ be the set of all s-tuples
The isotropy group of x is isomorphic to O(Q W ⊥ ) and it acts on the fiber Γ in the obvious way. By Frobenius descent [Ber84, AGRS] we get a bijection between the spaces S (μ −1 (σ)) χ and S (Γ) χ . As s = 0, the dimension of W ⊥ is strictly smaller than n so that, by induction, S (Γ) χ = (0). We are left with the case s = 0. Put Γ = μ −1 (0). We already know that if T ∈ S (M r ) χ then its support is contained in Γ. Suppose that x = (ξ 1 , . . . , ξ r ) ∈ Γ. The subspace H 1 generated by the ξ i is (a totally) isotropic subspace. The dimension t of H 1 is at most the F-rank of G. For 0 ≤ t ≤ , let Γ t = {x| dim H 1 = t}. Then Γ = Γ t and we have a stratification of Γ.
We want to find the orbits of G in Γ t . Fix a decomposition V = E 0 ⊕ E 1 ⊕ E 2 with the following properties. The restriction of Q to E 0 is nondegenerate and anisotropic,
There exists a basis e 1 , . . . , e of E 1 and a basis f 1 , . . . , f of E 2 such that B(e i , e j ) = B(f i , f j ) = 0 and B(e i , f j ) = δ i,j . By Witt's theorem each orbit of G in Γ t contains a point x t such that ξ i = e i for 1 ≤ i ≤ t (and therefore
contains an element of determinant −1 and such an element leaves x t invariant. Then, by Frobenius reciprocity S (Gx t ) χ = (0). This being true for all the orbits of G in Γ we conclude that S (Γ) χ = (0) and we are done. Therefore we may assume that E 0 = (0). Now, if t < , consider the following element h of G:
Then h(x t ) = x t and as before this implies that S (Γ \ Γ ) χ = (0).
STEVE RALLIS
Finally, we must look at Γ . Recall that GL r (F) acts on Γ on the right. Let γ = (e 1 , . . . , e , 0, . . . , 0) with r − zeros be the (2 × r) matrix in which e i are to be considered as column vectors of size 2 with zeros at all places except for a 1 at the i-place . Then Γ = Gγ GL r (F). Write an element of G as a 2 by 2 matrix relative to the decomposition V = E 1 ⊕ E 2 ≈ F ⊕ F and an element of GL r (F) as a 2 by 2 matrix relative to the decomposition F r = F ⊕ F r− . Note that the 2 × r matrix γ is 1 0 0 0 where 1 denotes the × identity matrix.
To find the isotropy subgroup of γ in G × GL r (F) we solve the equation
We must have aα = 1, c = 0, β = 0. This implies that d = t a −1 and a −1 b is antisymmetric. Let P be the subgroup β = 0 of GL r (F) and consider the map gγu → P u of Γ onto P \ GL r (F). The above computation shows that it is well defined and that the fibers of this application are exactly the orbits of G in Γ . Let N be the subgroup of G defined by a = 1, c = 0, d = 1, b antisymmetric. Then N is the isotropy subgroup of γu in G. Therefore the orbit is homeomorphic to G/N and if dg is a nonzero invariant measure on G/N , then any distribution on the orbit which transforms according to χ is a multiple of the distribution
For λ ∈ F * , the matrix λId r belongs to P which shows that the orbit of γu is stable by dilation. Furthermore,
It follows that
However, the Bernstein localization principle [Ber84, AGRS] implies that the space Σ u FS u is weakly dense in S (Γ ) χ so that any T ∈ S (Γ ) χ has this homogeneity property. Suppose that such a T extends to a distribution on Γ still transforming by χ; this extension is unique therefore it will have the same homogeneity property. View T as a distribution on the vector space M r and let T be its Fourier transform. Then T , ϕ(λx) = |λ| 2r + ( −1) T , ϕ .
On the other hand, T ∈ S (M r ) χ and so its support is contained in Γ and it must satisfy T , ϕ(λx) = |λ| − ( −1) T , ϕ .
If T = 0, then 2r + ( − 1) = − ( − 1), which is impossible. So T = 0 and we are done!
